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Molecular simulation methodologies are employed to study the first-order transition of variable square-well (SW)
fluids on a wide range of weak attractive surfaces. Surface phase diagram of SW fluids of attractive well diameter
�ff¼ 1.5, 1.75, 2.0 on a smooth, structureless surface modelled by a SW potential is reported via grand-canonical
transition-matrix Monte Carlo (GC-TMMC) and histogram reweighting techniques. Fluids with �ff¼ 1.5 and
1.75 show quasi-2D vapour–liquid phase transition; on the other hand, prewetting transition is visible for a SW
fluid with larger well-extent �ff¼ 2.0. The prewetting line, its length, and closeness to the bulk saturation curve
are found to depend strongly on the nature of the fluid–fluid and fluid–wall interaction potentials. Boundary
tension of surface coexistence films is calculated by two methods. First, the finite size scaling approach of Binder
is used to evaluate the boundary tension via GC-TMMC. Second, the results of the boundary tension are verified
by virtue of its relation to the pressure tensor components, which are calculated using a NVT-Monte Carlo
approach. The results from the two methods are in good agreement. Boundary tension is found to increase with
the increase in the wall–fluid interaction range for the quasi-2D system; conversely, boundary tension for thin–
thick film, at prewetting transition, decreases with the increase in the wall–fluid interaction range.

Keywords: prewetting transition; boundary tension; Monte Carlo simulation; square-well fluid

1. Introduction

Wetting behaviour of fluid–solid interfaces is of
practical interest to technologically important areas
like adsorption and coating. Wetting of patterned
surfaces by liquids plays a key role in the fields of
nano-fluidics and biophysics. Knowing the importance
of wetting phenomena it is surprising to find that
surface driven phase transition was first found in 1977
independently by Cahn [1] and Ebner and Saam [2],
who reported the transition between partial and
complete wetting. Since then, many groups have been
actively working to understand the molecular behav-
iour of fluids near the solid surfaces. Excellent reviews
have come lately, which summarize the recent accom-
plishments in this field [3,4]. Wetting transition is
associated with a temperature called wetting tempera-
ture, Tw. Above the wetting temperature one can
observe thin and thick films in coexistence for
pressures less than the bulk saturation pressure. Such
a scenario is feasible for a suitable ratio and range
of fluid–substrate interaction with respect to the fluid–
fluid interaction. Interplay of these interactions can
cause continuous growth of the thick film, referred
to as the second-order transition, or the first-order

transition, known as the prewetting transition, where

thin and thick films coexist. The prewetting transition

line stems from the saturation curve at the wetting

transition point, Tw, and terminates at the prewetting

critical point, Tpwc, where thin and thick films become

indistinguishable.
Since the seminal works of Ebner and Saam, and

Cahn, the wetting transition has been observed exper-

imentally for various surfaces, such as He on Cs [5,6],

He on Rb [7] and K [8], and acetone on graphite [9].

Several theoretical [10–12] and simulation [13–18]

approaches have been used to understand the wetting

transition. In particular, argon on solid carbon-dioxide

has been investigated by several investigators by

various means [19–21]. There are other model systems,

though, for which the prewetting transition has been

observed [12,22–24]. The first Monte Carlo (MC)

simulation on the prewetting transition was done by

Finn and Monson on model argon on solid carbon-

dioxide surface [14]. Subsequently, many different

systems have been tried to investigate the prewetting

and wetting transitions using Monte Carlo techniques

[15,22,23]; in particular, extensive work has been done

for simple gases on alkali metal surfaces by Curtarolo

*Corresponding author. Email: jayantks@iitk.ac.in

ISSN 0026–8976 print/ISSN 1362–3028 online

� 2009 Taylor & Francis

DOI: 10.1080/00268970903222165

http://www.informaworld.com

D
ow

nl
oa

de
d 

by
 [

N
or

th
 D

ak
ot

a 
St

at
e 

U
ni

ve
rs

ity
] 

at
 0

0:
06

 1
4 

O
ct

ob
er

 2
01

4 



and co-workers [25–28]. In addition, Omata and

Yonezawa [29] studied the effect of fluid–substrate

interaction on the prewetting transition. In earlier

work [18] we investigated the effect of strength of

fluid–substrate interaction on the boundary tension

of coexistence quasi-2D films on a substrate. While the

majority of the work has been done on planar surfaces,

Bohlen and Schoen [30] studied the prewetting transi-

tions on nonplanar surfaces. In recent years with the

development of advanced methodologies such as

GC-TMMC [31], it is more feasible to investigate the

first-order phase transition [32–34] including the

prewetting transition, as shown by Errington and

co-workers for model argon on solid carbon surface

[16,17]. Compared with Monte Carlo techniques,

molecular dynamics (MD) is less utilized to predict

the prewetting transition; nonetheless in conjunction

with Monte Carlo techniques; MD is very useful

to predict boundary tension, as shown in previous

work [18].
It was noted by a few authors that the interaction

range can have a substantial effect on the wetting or

drying transition [35,36]. Mean field theory indeed has

predicted the dominant effect of long range forces on

the surface phase transition [37]. This work is primarily

to investigate the effect of fluid–wall interaction range

on the behaviour of SW fluids of variable range using

molecular simulation techniques. This paper mainly

focuses on two aspects. First, we investigate the effect

of attractive well width of fluid–fluid and wall–fluid

interactions on the phase diagram and boundary

tension of coexistence films, particularly from quasi-

2D state to prewetting regime. Second, we investigate

the performance of step function, [38] which has been

used successfully for calculating pressure and interfacial

properties of bulk fluid represented by discontinuous

potential, with respect to GC-TMMC for the calcula-

tion of boundary tension. In order to understand the

effect of range of attraction region on the first-order

surface phase transition, the SW potential is chosen as

it is one of the suitable choices. The SW potential is

a popular model and is used by many researchers to

study a range of model systems [32,33,38–41] including

phase transitions near surfaces [18,42].
In this work, fluid–fluid interaction is modelled as

SW potential, which is represented as:

uffðrijÞ ¼

1, 05 rij 5 �ff

�"ff, �ff � rij 5 �ff�ff

0, �ff�ff � rij

8><
>: ð1Þ

where �ff, "ff and �ff are hard-sphere diameter, poten-

tial well depth, and well diameter of fluid–fluid

potential, respectively. The fluid–wall interaction is
also modelled by the following SW type potential:

uwfðzÞ ¼

1, 0:8�ff 4 z

�"wf, 0:8�ff � z5 �wf�ff

0, �wf�ff � z

8><
>: ð2Þ

where "wf and �wf are corresponding parameters for
fluid–substrate potential and z is the distance perpen-
dicular from the surface. We have kept 0.8�ff as an
effective hard-sphere diameter for the fluid–wall
interaction, which is derived from the Argon–CO2

interaction potential [14]. All variables reported in this
study are reduced by "ff and �ff. For example, reduced
temperature is given by kBT/"ff, where kB is the
Boltzmann’s constant. Units are adopted such that
�ff and "ff are unity.

The paper is organized as follows. Section 2
describes the simulation methods used in this study.
Section 3 presents the results of phase-coexistence,
density profile, and boundary tension of coexisting
films with the variation of the strength of substrate
potential and fluid–fluid potential. Section 4 concludes
our study.

2. Methodologies

The phase diagram of a thin–thick film is calculated
using a GC-TMMC simulation technique. The method
is described in detail elsewhere [16,17], however, for
the sake of completeness, we provide a brief descrip-
tion of the methodology. GC-TMMC simulations
are conducted in a grand-canonical ensemble at
constant chemical potential �, volume V, and temper-
ature T. Microstate probability in this ensemble is
represented as

�s ¼
1

�

VNs

�3NsNs!
exp ��ðUs � �NsÞ½ � ð3Þ

where �¼ 1/kBT is the inverse temperature, � is the
grand partition function, Us denotes the interaction
energy of particles of microstate s, is the de Broglie
wavelength, and Ns stands for the number of particles.

In GC-TMMC simulations three basic Monte
Carlo moves are used, namely displacement, insertion
and deletion moves. During moves, attempted transi-
tions between microstates of different densities are
monitored. At regular intervals during a simulation,
this information is used to obtain an estimate of the
density probability distribution, which is subsequently
used to bias the sampling to low probability densities
using multi-canonical sampling [43]. Over time all
densities of interest are sampled adequately. The final
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result is an efficient self-adaptive method for determin-

ing the density probability distribution over a specified

range of densities. Once a probability distribution has

been collected at a given value of chemical potential,

histogram reweighting [44] is used to shift the proba-

bility distribution to other values of the chemical

potential. Coexistence chemical potential is calculated

by histogram reweighting [44] until we obtain a

probability distribution, �coex
N , such that areas under

the thin and thick film regions in the probability

distribution plot are equal. Densities of phases are

calculated from the first moment of �coex
N distribution.

Coexistence pressure is obtained using the following

expression [16,17]:

�pV ¼ ln
X
N

�coex
N =�coex

0

 !
� lnð2Þ: ð4Þ

In addition to the calculation of coexistence

pressures, densities, and energies, grand-canonical

Monte Carlo simulation can also be combined with

finite-size scaling methods to evaluate the boundary

tension. This method does not require establishing and

maintaining an interface, as would be the case for NVT

ensemble simulation. The interfacial energy for a finite-

size system with a substrate length of L is determined

from the maximum likelihood in the thick film �thick
max

and thin film regions �thin
max and minimum likelihood in

the interface region �min

�FL ¼
1

2
ln�thin

max þ ln�thick
max

� �
� ln�min: ð5Þ

The interfacial free-energy of thin–thick film on a

two dimensional surface varies with the system size

according to the Binder’s formalism and is given by

(see [17] for more detail)

��L ¼
�FL

2L
¼ C1

1

L
þ C2

ln Lð Þ

L
þ �� ð6Þ

where �L is the interfacial tension for a system

of box length L, � is the boundary tension for infinite

system, C1 and C2 are constants and FL represents the

free energy of the thin–thick interface for a finite

system size L.
In this work, we have estimated the thin–thick film

critical parameters by using the coexistence data and

the least square fit of the following scaling law:

ðN=AÞthick � ðN=AÞthin ¼ C 1�
T

Tsc

� ��C
ð7Þ

where ðN=AÞthick and ðN=AÞthin are surface densities of

thick and thin films, respectively and C and �c are

fitting parameters.

The surface critical temperature, Tsc, estimated

from Equation (7) is used to calculate the critical

density, ðN=AÞc, from the least square fit of the

following equation:

ðN=AÞthick þ ðN=AÞthin
2

¼ ðN=AÞc þD T� Tscð Þ ð8Þ

where D is a fitting parameter.
Scaling analysis as used in this work is an approx-

imate method to obtain critical properties. For accu-

rate values, finite size scaling analysis [45–47] is the

most suitable method. However, we do not perform

such rigorous analysis in this work.
To obtain the relation of boundary tension with

pressure tensor components, we start with the funda-

mental relation of Helmholtz potential for a system of

an inhomogeneous film on a substrate as would be

the case for thin and thick films at coexistence on a

substrate. The following relation holds for the infini-

tesimal and reversible transformation [48]:

dF ¼ �SdTþ �dN� Pxxsysz dsx

� Pyysxsz dsy � Pzzsxsy dsz ð9Þ

where F is the Helmholtz free energy, S is the entropy,

N is the amount of the fluid, si is the thickness of the

fluid in the direction of i, and Pii is the iith component

of the pressure tensor.
In this work, we have placed a hard wall at a

distance sz¼H from the substrate of area A¼ sxsy. H

is sufficiently large to have any noticeable effect on

the fluids near the substrate. If the volume, V, of the

simulation box is defined as sxsysz and the total length

of the thin–thick film interface Ll¼ 2sy, then the above

equation can be rewritten as follows:

dF ¼ �SdTþ �dN� Pzz dV� sz Pxx � Pzzð Þ

� dA�
sxsz
2

Pyy � Pxx

� �
dLl: ð10Þ

The above equation can be written in terms of work

contribution due to various tensions [48]:

dF ¼ �SdTþ �dNþ �1 dVþ �2 dAþ � dLl, ð11Þ

where �1, �2 and � are various tension factors.
Comparing Equations (10) and (11), at a constant

substrate area A, V, N and T, the boundary tension � is
expressed as follows:

� ¼
@F

@Ll

� �
A,V,N,T

¼
sxsz
2

Pxx � Pyy

� �
: ð12Þ

In the current work, sz¼H, i.e. the distance between

the substrate and the hard wall is kept constant, which
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simplifies the above equation. Hence, the thin–thick
boundary tension is given by

� ¼
HLx Pxx � Pyy

� �
2

, ð13Þ

where Pxx is the pressure tensor component in the x
direction, which is perpendicular to the thin–thick film
interface. Pyy is the pressure tensor component in the
y direction, which is parallel to the thin–thick film
interface. Pressure-tensor components are obtained
using procedure described by Orea et al. [38]

2.1. Simulation details

The GC-TMMC simulation box was set up such that
one side (bottom plane perpendicular to the z
direction, see Figure 5) acted as a surface plane with
attractive SW potential. The opposite side was chosen
to be a repulsive wall to keep the fluid molecules inside
the simulation box. The repulsive wall was kept at a
height of 20 in the z direction (i.e. Lz¼ 20) to avoid
the effect of repulsive wall on the attractive surface.
The other sides of the box, Lx and Ly, were equal in
length. The lateral variation of the box in these two
directions represents varied system sizes with surface
areas of Lx � Ly. Periodic boundary condition was
applied only in x and y directions. Four independent
runs were performed to calculate the statistical error.

In NVT-MC simulations, we start by placing the
molecules on the attractive surface of the simulation
box with Lz¼ 20 such that initial surface density
(number of molecules/surface area) is slightly higher
than coexistence surface density of the thick film. The
second step is to create a vacuum by expanding the
simulation cell in the x direction such that Lx¼ 3*Ly.
Using the above geometry and initial set-up we
performed NVT-MC simulations using 2000 particles.
Eight million cycles were taken as equilibration period
and an equal number for production cycles.

3. Results and discussion

3.1. Quasi-2D phase transition

We start our discussion with the adsorption isotherm
of a SW fluid with �ff¼ 1.5. Figure 1 presents the
surface density as a function of chemical potential for
various wall–fluid interaction values at a constant
temperature T¼ 0.68. We observed a discontinuity, in
the isotherm, which is a characteristic feature of the
first-order transition. Such surface phase transition is
seen also for different wall–fluid interaction strengths
[18]. The chemical potential corresponding to the
surface phase transition decreases with the increasing

wall–fluid interaction range. Surface density gradually

increases with increasing chemical potential beyond

the surface phase transition value; and it eventually

diverges as the chemical potential approaches the bulk

saturation chemical potential. Figure 2 presents the

adsorption isotherms for �ff¼ 1.5 and �wf¼ 2.2 at

various temperatures. The behaviour seen for �ff¼ 1.5

is akin to quasi-2D or prewetting transition. Since

the prewetting transition is known to stem from

the saturation curve at the wetting temperature,

obtaining the wetting temperature is an important

–9.5 –9.0 –8.5 –8.0 –7.5 –7.0 –6.5

0.00

0.25

0.50

0.75

1.00

1.25

1.50

N
/A

βμ

Figure 1. Adsorption isotherms of a SW fluid with �ff¼ 1.5.
Lines from left to right correspond to the wall–fluid
interaction ranges, �wf¼ 2.8, 2.6, 2.4 and 2.2 at T¼ 0.68.
The dashed line represents the bulk coexistence chemical
potential.

–10 –9 –8 –7 –6

0.00

0.25

0.50

0.75

1.00

1.25

1.50

N
/A

βμ

Figure 2. Adsorption isotherms of a SW fluid with �ff¼ 1.5
and �wf¼ 2.2. Lines from left to right correspond to the
isotherms at T¼ 0.62, 0.68 and 0.72. Dashed lines represent
the corresponding bulk coexistence chemical potential for
different temperatures.
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aspect to signify the prewetting transition. It is noted

that as the temperature is decreased, the difference in

the coexistence chemical potential for the surface phase

transition and the bulk saturation chemical potential

does not decrease for �ff¼ 1.5 (Figure 3). On the

contrary, a slight increase is noticed in the difference of

the chemical potentials with decrease in the tempera-

ture. Similar behaviour is also observed for

�ff¼ 1.75 at different wall–fluid interaction ranges,

which is contradictory to what is seen for the

prewetting transitions [4]. Certainly, these observations

suggest that the surface phase transition of SW fluids

with relatively smaller interaction range is a quasi-2D

vapour–liquid phase transition. This behaviour is also

similar to the first layering transition observed for

various other systems [49].
The phase coexistence envelopes of the quasi-2D

vapour and liquid phases for �ff¼ 1.5 and variable �wf
are illustrated in Figure 4. At lower temperatures until

T¼ 0.8, the density of the quasi-2D vapour is insen-

sitive to the change in the wall–fluid interaction range.

Contrary to the quasi-2D vapour, the quasi-2D liquid

is extremely sensitive to the variation in the wall–fluid

interaction range. Even at a lower temperature

increased �wf increases the density of the coexistence

quasi-2D liquid phase. For example, at T¼ 0.62, a

29% increase in the quasi-2D liquid density was

observed with increase in �wf from 2.2 to 2.8; whereas,

the change is suppressed at higher temperature,

T¼ 0.8, where the density increases by only 22%.

The consequence of such an effect on the coexistence

quasi-2D liquid film is seen on the surface critical

density and critical temperature, which are found to

increase with increase in the wall–fluid interaction
range. Critical temperature and density are calculated
using Equations (7) and (8). Using least square fit of
Equation (7), we obtained critical exponent, �c, in the
range of 0.175 to 0.2 for various wall–fluid interaction
ranges studied in this work. The fitted value of �c
deviates from the 2D Ising model value of 1/8. This
discrepancy is attributed to the system size effect. For
example, increase in the number of particles from 700
to 1300, decreases �c from 0.175 to 0.155. Hence,
significant system size effect in the critical exponent
is noted. On the other hand, the effect of system size
on critical temperature and density is insignificant.
Typical snapshots of the quasi-2D vapour–liquid
configuration, obtained from NVT-MC simulations,
are displayed in Figure 5. Similar phase coexistence
behaviour is observed for higher fluid–fluid well-
extent, �ff¼ 1.75, as shown in Figure 6.

To understand structural changes due to increase
in the wall–fluid interaction range, density profiles
were obtained for coexistence quasi-2D vapour and
liquid phases using the NVT-MC technique. Figure 7
presents the density profiles of two coexistence films.
The density profiles show the interplay of wall–fluid
and fluid–fluid interactions. In the case of the lower
fluid–fluid interaction range �ff¼ 1.5, two layers are
clearly visible for �wf¼ 2.2 as shown in Figure 7(a).
The interaction range of fluid–substrate allows two
layers of molecules within the well width. The number
of molecules in the liquid like film increases with
increasing well width of the surface field. A similar
behaviour is also seen in Figure 4. Such enhancement
in the number of molecules in the quasi-2D liquid-film

0.0 0.3 0.6 0.9 1.2 1.5 1.8

0.60

0.65

0.70

0.75

0.80

0.85

0.90

λ
wf

 = 2.2

λ
wf

 = 2.4

λ
wf

 = 2.6

λ
wf

 = 2.8

T

N/A

Figure 4. Quasi-2D vapour–liquid coexistence envelope of a
SW fluid for wall–fluid interaction ranges, �wf¼ 2.2, 2.4, 2.6
and 2.8 at a constant fluid–fluid well-extent, �ff¼ 1.5. The
estimated critical points are displayed by filled symbols.

0.7 0.8 0.9 1.0 1.1 1.2 1.3
1.2

1.4

1.6

1.8

λ
ff
=1.75, λ

wf
=3.27

T

Δμ 0.5 0.6 0.7 0.8 0.9

1.8

2.1

2.4

2.7

λ
ff
=1.5, λ

wf
=2.2

Figure 3. Difference in surface coexistence chemical poten-
tial and bulk saturation chemical potential as a function of
temperature for �ff¼ 1.5 and 1.75.
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led to the collection of molecules in another layer other

than the existing two layers; as a result the profile

shows small plateau near the edge of the first layer.

Similar behaviour is seen for �wf¼ 2.4 and 2.6. Such

rearrangements reduce the peak density of the existing

layers for the intermediate wall–fluid well-extent

compared to that of �wf¼ 2.2. At the wall–fluid

interaction range of 2.8 a small peak is distinctively

observed, which indicates the formation of another

molecular layer in the middle region of the well.

The quasi-2D vapour film, however, does not bear the

layering since a relatively larger surface is exposed to

the molecules in low number. Thus, hard core
interactions of fluid–fluid molecules have less impact
and the molecules tend to float uniformly within the
wall–fluid well-extent.

For fluid–fluid well-extent, �ff¼ 1.75, the V-shape
trough, which is seen at �wf¼ 2.57, depicts the sepa-
ration of the two layers as shown in Figure 7(b);
however it vanishes and a small peak appears at
�wf¼ 2.8. This is indicative of the formation of another
layer in the middle of the existing two layers. The most
interesting observation, which is in contrast to the case
of �ff¼ 1.5, is the accumulation of the molecules
immediately outside the wall–fluid interaction range.
This behaviour is completely missing for the shorter
range fluid as seen in Figure 7(a). Such behaviour is
not observed in the quasi-2D vapour phase; never-
theless, density is not as flat as observed for the case of
�ff¼ 1.5. In the middle of the well-width range,

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5

0
2
4
6
8

10
12

0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14

Lz

Lz

x 
10

-3
x 

10
-3

Quasi-2D vaporN
/A

N
/A

 λwf=2.2

λwf=2.4

λwf=2.6

 λwf=2.8

λwf=2.57

λwf=2.8

λwf=3.03

λwf=3.27

Quasi-2D liquid

0.5 1.0 1.5 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

0
1
2
3
4
5
6

0.00
0.01
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0.03
0.04
0.05
0.06

Quasi-2D vapor
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Figure 7. Density profile of quasi-2D vapour-liquid film
for (a) �ff¼ 1.5, �wf¼ 2.2, 2.4, 2.6 and 2.8 at T¼ 0.68;
(b) �ff¼ 1.75, �wf¼ 2.57, 2.8, 3.03 and 3.27 at T¼ 1.2.

Figure 5. Typical quasi-2D phase separation of a SW fluid
with �ff¼ 1.5 and �wf¼ 2.2. at (a) T¼ 0.62 and (b) T¼ 0.8.
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Figure 6. Quasi-2D vapour–liquid coexistence envelope of a
SW fluid for wall–fluid interaction range, �wf¼ 2.57, 2.8, 3.03
and 3.27 at a constant fluid–fluid well-extent, �ff¼ 1.75. The
estimated critical points are displayed by filled symbols.
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depletion in the density of quasi-2D liquid phase at
lower wall–fluid well-extent occurs.

In summary, the fluid–fluid attractive well-widths
�ff¼ 1.5 and 1.75 display quasi-2D behaviour although
there is slight change in the nature of the behaviour in
the presence of longer wall–fluid interaction. In sub-
sequent section, we present the results for a SW fluid
with a longer interaction range.

3.2. Prewetting transition

Figure 8 presents the adsorption isotherms for
�ff¼ 2.0, for various wall–fluid interaction ranges at a
constant temperature. The behaviour is noticeably
different from that of shorter interaction range SW
fluids, where the effect of wall–fluid interaction range
is not as drastic as seen for �ff¼ 2.0. Surface phase
transition is found missing for the wall–fluid interac-
tion range less than 2.6 at T¼ 1.9, as shown in the
figure. The interesting aspect of the surface phase
transition seen for �ff¼ 2.0 is the closeness of the
chemical potential, corresponding to the first-order
transition, to the bulk saturation chemical potential
with decrease in the wall–fluid interaction range. The
effect of long range interaction, which is seen in the
adsorption isotherms, is also seen on the density
profiles of the coexistence films, as shown in
Figure 9. The structure of the liquid-like film is
skewed towards the end of the wall–fluid well-extent
but also the heap outside the well-extent is intensified.
A relatively higher accumulation of particles was seen
near the end of wall–fluid interaction range mainly due

to the influence of the wall and the fluid molecules

within the well-width on the molecules in the last layer

within the wall–fluid well-extent. Such possibilities are

partially missing for molecules in the first layer near

the wall as fluid–fluid interactions are relatively fewer

compared to molecules near the end of the wall–fluid

well-extent. The thin film, on the other hand, does not

exhibit significant structural variation within the range

of wall–fluid interaction, although a small mound was

observed immediately outside the wall–fluid interac-

tion range, which is due to the same reason seen for

the thick film. The growth of the layer beyond the wall-

interaction range suggests a possible divergence below

some lower temperature, which indicates the existence

of prewetting transition instead of quasi-2D vapour-

liquid transition. A typical snapshot of the configura-

tion of the film for �ff¼ 2.0 is given in Figure 10, which

clearly shows the presence of the multi-layer liquid-like

film, which is entirely different from that seen for

�ff¼ 1.5 and 1.75.
To obtain a final confirmation of the prewetting

transition, we calculated the difference between the

thin–thick coexistence chemical potential and the bulk

saturation value, for various temperatures, Dm(T ), and
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Figure 8. Adsorption isotherms of a SW fluid with �ff¼ 2.0.
Lines from left to right correspond to the wall–fluid
interaction range, �wf¼ 3.47, 3.2, 2.93, 2.8 and 2.6 at
T¼ 1.9. The dashed line represents the bulk saturation
chemical potential.
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Figure 9. Density profile of thin–thick film for �ff¼ 2.0,
�wf¼ 2.93, 3.2, 3.47 and 3.73 at T¼ 1.98.

Figure 10. Typical phase separation of thin–thick film at
T¼ 1.75 for �ff¼ 2.0 and �wf¼ 2.8.
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extrapolated it to obtain the wetting temperature for

which the above difference approaches zero. Figure 11

presents the scaling form of the above difference for

various wall–fluid interaction ranges, which clearly

indicates the presence of the prewetting transition for

the longer fluid–fluid interaction range. Figure 12

presents a rigorous thin–thick film phase diagram of

SW fluid of well-extent 2.0 on substrates of various

wall–fluid interaction ranges. We do not perform

the scaling analysis as done for quasi-2D system

(see Equation (7)) to obtain the prewetting critical

temperature, Tpwc. Instead, it is calculated by obtain-

ing the free-energy barrier between the two coexisting

phases (see Figure 13) for various temperatures

and extrapolating it to the temperature where it

becomes zero.
Bonn and Ross [4] presented a generalized picture

of the prewetting transition based on few experimental

observations. Their study suggested the following

form, which would in general provide estimates of

the distance between the prewetting line and the bulk

coexistence line:

�D� Tð Þ=kBTw ffi 	 T� Twð Þ=Tw½ �
�, ð14Þ

where, 	 and � are 0.5 and 1.5, as per Bonn and Ross’s

experimental observations. The above power law

scaling exponent, �¼ 3/2, has also been predicated

theoretically by Schick and Taborek [50] for Lennard-

Jones based substrate–fluid interaction: uwf� z�3.

However, for short and finite range forces, thickness

of the thick film varies differently compared to that

seen for Lennard-Jones type forces [51]. Hence the

above scaling form with �¼ 3/2 does not hold for

strictly finite range forces as used in the current study,

which is also shown by Pandit and co-workers in their

theoretical work [51].
Figure 14 presents the above scaling form for

�ff¼ 2.0 and variable wall–fluid interaction range.

Interestingly, we did not observe a single curve for

various wall–fluid interaction ranges contrary to the

observation of Bonn and Ross though the variation is

small. Moreover, the scaling exponent, �, and propor-

tionality constant, 	, for the current system are in the
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Figure 13. Coexistence surface density probability of thin–
thick film for �ff¼ 2.0 and �wf¼ 2.6. The lines from the
bottom are for the temperatures T¼ 1.9, 1.925, 1.95, 1.975,
2.0 and 2.025. Inset plot shows temperature vs. free energy
barrier between thin and thick films. Symbols are the
simulation data and the dashed curve represents extrapola-
tion to the prewetting critical temperature.
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range of 0.965� 1.02, and 0.8033� 1.4477, respec-

tively. These values are considerably different from

those found by Bonn and Ross, as expected. Further,

Bonn and Ross observed �D� Tpwc

� �
=Tw ffi 0:03; how-

ever, for the current system we observed this value

increase from 0.037 to 0.76, with an increase in the

wall–fluid interaction range from 2.4 to 3.47.

Surprising, a similar discrepancy was also observed

by Seller and Errington for LJ based potential [52].

This study suggests that Ross and Bonn’s observation

cannot be generalized for all combinations of fluid and

substrate interactions since the prewetting line, its

length and closeness to saturation curve depend

strongly on the nature of the fluid–fluid and fluid–

wall interaction potential.
Surface and prewetting critical temperatures for all

the systems studied in this work including 2D and

3D bulk critical temperatures are listed in Table 1. The

change in Tsc/Tbc, where Tbc is the bulk critical

temperature, is linear with the increase in the well-

extent ratio �wf/�ff. It is apparent that Tsc/Tbc substan-

tially varies depending on the fluid–fluid and substrate-

fluid interaction range. On the other hand Tpwc/Tbc

appears to be confined in a narrow range.

Interestingly, the ratio of surface critical temperature

(including that of prewetting transition) and 2D critical

temperature increases with the increasing fluid–fluid

interaction range. In this work, Tpwc/Tc is found to

vary from 0.758 to 0.779. These values are slightly

higher than that of Ne–Mg (0.672) [25] and Ar–CO2

(0.696) [16]. However, these values are smaller than

that of Ne–CO2 [53] for which Tpwc/Tc is 0.900.

Surprisingly, Tpwc/Tc of water on graphite (0.775–

0.783) predicted by Zhao [23] is very close to the higher

end of Tpwc/Tc range in our work. On the other hand,

the prewetting temperature (Tpwc/Tc¼ 0.99) of Hg on

sapphire [54] is extremely close to the bulk critical
temperature.

3.3. Boundary tension of coexistence surface phases

One of the objectives of this work is to compare two
methods; viz. GC-TMMC and NVT-MC along with
step function technique [38], for the evaluation of the
boundary tension of the surface coexistence phases.
Binder’s formalism along with the GC-TMMC method
is employed to calculate the boundary tension of the
infinite system size from a set of finite system size
calculations. Figure 15 presents the comparison of the
boundary tension calculated from the GC-TMMC and
the NVT-MC for varied wall–fluid interaction ranges at
different temperatures. The results via the two methods
are in good agreement. Errors are in the range of
1� 2% in GC-TMMC, whereas they are found to be
8� 15% in NVT-MC simulations. Therefore, GC-
TMMC seemingly is a better choice for the investiga-
tion of wetting transitions. Particularly, the ability to
use multi-processors to fill the transition matrix in a
disjoint fashion is an appealing feature of the method,
especially for the calculation of boundary tension of

Table 1. Critical temperature and density of quasi-2D and
prewetting transitions of SW fluids for various wall–fluid
interaction ranges from GC-TMMC simulations. Bulk 3D
and 2D critical temperature, Tbc, and Tc(2D), respectively,
are taken from the literature. The error in the surface critical
temperature and surface density represent one standard
deviation of the mean for four independent runs.

Tbc [32] Tc(2D) [56] �wf Tsc (N/A)sc

�ff¼ 1.5
1.2172(7) 0.5609(3) 2.2 0.858(3) 0.668(2)

2.4 0.875(2) 0.679(2)
2.6 0.891(3) 0.709(1)
2.8 0.912(2) 0.747(2)

�ff¼ 1.75
1.809(2) 0.7065(1) 2.57 1.285(1) 0.726(2)

2.8 1.316(9) 0.738(3)
3.03 1.352(6) 0.794(2)
3.27 1.381(4) 0.851(2)

Tbc [32] Tc(2D) [56] �wf Tpwc (N/A)pwc

�ff¼ 2.0
2.68(1) 0.9132(4) 2.4 2.081(8) 1.622(6)

2.6 2.042(9) 1.231(8)
2.8 2.031(7) 1.134(6)
2.93 2.037(4) 1.094(5)
3.20 2.058(3) 1.089(5)
3.47 2.089(3) 1.109(2)
3.73 2.131(8) 1.133(4)
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Figure 14. Scaled prewetting phase diagram for �ff¼ 2.0.
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simple fluids. However, GC-TMMC’s performance is

yet to be seen for more complex systems such as acetone

on a graphite surface [9]. Figure 15 also presents the

effect of wall–fluid interaction range on the boundary

tension of the quasi-2D film. Increased wall–fluid

interaction range is found to increase the boundary

tension of the quasi-2D vapour-liquid coexistence film.

Boundary tension is found to be linear with the

temperature, for the range of temperature studied in

this work. Interestingly, the effect of wall–fluid inter-

action on the boundary tension of SW fluid with

�ff¼ 2.0 is clearly different from that of the quasi-2D
system seen in Figure 16, which presents a comparison
of boundary tensions for quasi-2D and prewetting
systems. Increased wall–fluid interaction is found to
decrease the boundary tension of thin–thick film.
Boundary tension between quasi-2D films is extremely
small compared to that for thin–thick film at a
prewetting condition. Further, any effect of wall–fluid
interaction range on quasi-2D tension is eliminated
under the reduced temperature condition, which is
evident from Figure 16. As expected the boundary
tension decreases with increasing temperature and
eventually approaches zero at the surface critical
temperature. This is analogous to the behaviour of
bulk vapour-liquid surface tension [24]. Boundary
tension values can be used in the form of
Guggenheim scaling relation � ¼ �oð1�

T
Tsc
Þ
r to under-

stand the corresponding states behaviour of quasi-2D
and prewetting transition systems. It is well known that
the critical exponent, r, is 1.0 for the 2D Ising model
[55]. We expect that all the systems studied in this work
have 2D Ising model-like behaviour. For quasi-2D SW
based systems we found exponent r falls in the range
1.06–1.1, which is reasonably close to the value of the
2D Ising model. On the other hand, for prewetting
transitions, the exponent at lower wall–fluid interaction
range is 2.4. We found, however, that r increases first
and subsequently decreases with increasing wall–fluid
interaction range with r¼ 1.63 at �wf¼ 3.47. The
critical exponent related to boundary tension for
the prewetting transition of finite range potential differs
substantially from that of the 2D-Ising model, which is
contrary to expectations. We do not know the reason
for such deviation of prewetting SW systems from
the true 2D Ising model system. A more detailed
analysis on the critical exponent for finite range forces
would be helpful, and we plan to study this in the near
future.

4. Conclusions

Two methodologies are utilized to calculate the
boundary tension between two films, at coexistence,
on a smooth structure-less substrate. GC-TMMC is
used to obtain the phase coexistence values of the thin–
thick film. GC-TMMC requires multiple simulations
to get the infinite size boundary tension; however, it is
the preferred method in the vicinity of the critical
temperature. Although NVT-MC along with step
function to calculate the pressure tensor components
is also a useful method, for simple fluids GC-TMMC is
relatively superior. While the work has been limited to
the simple systems bearing no direct resemblance to

0.70 0.75 0.80 0.85 0.90 0.95 1.00

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5
λ

wf
=2.4

λ
wf

=2.6

λ
wf

=2.93

λ
wf

=3.47

λ
wf

=2.2

λ
wf

=2.4

λ
wf

=2.6

T/T
c

τ

Figure 16. Boundary tension of SW fluids of different wall–
fluid interaction range versus temperature in the reduced
form, obtained from GC-TMMC and finite size scaling
techniques. Tc is the surface or prewetting critical tempera-
ture for quasi-2D or prewetting transition, respectively.
Open and filled symbols represent �ff¼ 2.0 and �ff¼ 1.5,
respectively.
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Figure 15. Boundary tension as a function of temperature
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any experimental situations, the results provide
detailed insights into the wetting behaviour of model
fluids near a solid surface. The interesting finding is the
quantitative evidence of the sensitivity of the surface
phase transition to the interaction ranges of fluid–fluid
and wall–fluid. Prewetting transition is found to occur
for longer fluid–fluid interaction ranges. On the other
hand the quasi-2D vapour-liquid transition is preva-
lent for short interaction range fluids. The boundary
tension increases with the increase in the wall–fluid
interaction range for the quasi-2D system, but bound-
ary tension for thin–thick film, at prewetting transi-
tion, decreases with the increase in the wall–fluid
interaction range. Our analysis, similar to that of Bonn
and Ross, suggests that a corresponding state form
�D�pw Tð Þ=kBTw ffi 	 T� Twð Þ=Tw½ �

� is, in general,
valid for various fluids with 	 and � dependent on
the interaction potential form.
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